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Decentralized Smart Grid: Motivation

Future power grid is smart.

The cyber-physical system is inherently geometrically distributed and has
heterogeneous communications capability.

New energy management schemes need to be robust to network node and link
failures.
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Welfare Maximization for Generation/Demand Response

The goal is to maximize the welfare at time t for all generations and consumers.

The ideal solution to the welfare maximization problem should have the following
properties:

1 Manages the demand side and the generation side simultaneously.

2 Performs simple local optimization at each iteration and exchanges information with
only neighbors.

3 Privacy of information is guaranteed. No information about the utility/cost functions
should be disclosed.

4 Convergence to global optimum.

5 The algorithm should be scalable for large networks.
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Problem Formulation

We can formulate a constrained utility maximization problem:

Welfare maximization problem formulation

max
d,g

∑
j∈J

Uj(dj)−
∑
v∈V

Cv(gv)

s.t. 1Td = 1Tg

di,min ≤ di ≤ di,max

0 ≤ gi ≤ gi,max

The tth entry of the vectors of demand and generation correspond to period t
(different times of the day).
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Dual Decomposition

Next, for simplicity, we focus on one single period.

Let ∆ = (
∑
j∈J dj −

∑
v∈V gv) be the power mismatch.

Dual Decomposition

J =
∑
v∈V

Cv(gv)−
∑
j∈J

Uj(dj) + p∆

d
(k)
i = arg min

di,min≤di≤di,max

(p(k)di − Ui(di))

g
(k)
i = arg min

0≤gi≤gi,max

(Ci(di)− p(k)gi)

p(k+1) = p(k) + η∆(k)
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Consensus Algorithm

Global parameters are ∆ and price p that are not private.

In the consensus algorithm, each node can only share the global parameters with the
neighbors.

W is the weight matrix that also determines the communication graph.

Distributed Estimation of Global Information

i ∈ V : ∆̂
(k+1)
i = ∆̂

(k)
i +

∑
j∈Ni

wij(∆̂
(k)
j − ∆̂

(k)
i ) + g

(k)
i − g

(k+1)
i

i ∈ J : ∆̂
(k+1)
i = ∆̂

(k)
i +

∑
j∈Ni

wij(∆̂
(k)
j − ∆̂

(k)
i )− d(k)i + d

(k+1)
i

i ∈ V ∪ J : p
(k+1)
i = p

(k)
i +

∑
j∈Ni

wij(p
(k)
j − p

(k)
i ) + η∆̂

(k)
i
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Security of Consensus-Based Schemes

We consider the attack that the adversary jams the communication links.

The bandwidth on links will be significantly reduced. Can we solve the decentralized
optimization problem?

Key idea is to use quantization!
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Decentralized Gradient Decent (DGD)

Network G with n nodes, weight matrix W = [wij ]n×n
At iteration t, node i:

sends xi,t to neighbors Ni and receives xj,t
updates

xi,t+1 =
∑
j∈Ni

wijxj,t︸ ︷︷ ︸
average of local

and neighboring models

−α∇fi(xi,t)︸ ︷︷ ︸
local gradient descent

[Nedić, Ozdaglar,’07]

Theorem (Yuan, Ling, Yin ’16)

Under A1,2,3, xi,t geometrically converges to an O
(

α
1−β

)
-neighborhood of the unique

solution x∗. (1− β : spectral gap of W )

Related work in quantized setting: [Nedic et al., 2009], [Rabbat & Novak, 2005], [Li
et al., 2016], [Zhang et al., 2019]

No “EXACT” convergence!
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Assumptions

A1 Local objectives fi are differentiable & L-smooth:

‖∇fi(x)−∇fi(y)‖ ≤ L ‖x− y‖ ∀x,y

A2 Local objectives fi are µ-strongly convex:

〈∇fi(x)−∇fi(y),x− y〉 ≥ µ ‖x− y‖2 ∀x,y

A3 Weight matrix W is non-negative doubly stochastic:

wij ≥ 0 & W = W> & W1 = 1 & null(I −W ) = span(1)
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Quantized-DGD

Network G with n nodes, weight matrix W ∈ Rn×n+

At iteration t, node i:
sends zi,t = Q(xi,t) to neighbors j ∈ Ni and receives zj,t
updates

xi,t+1 = (1− ε+ εwii)xi,t︸ ︷︷ ︸
noiseless local model

+ ε
∑

j∈Ni\{i}
wijzi,t

︸ ︷︷ ︸
average of noisy neighboring models

−αε∇fi(xi,t)︸ ︷︷ ︸
local gradient descent

Theorem (QDGD with variance-bounded quantization)

A1,2,3,4 X

fix δ ∈ (0, 1) & large enough T

pick ε = c1

T
3
4
(1−δ) , α = c2

T
1
4
(1−δ)

then

E
[ ∥∥xi,T − x∗

∥∥2 ] ≤ O( (1− β)−2 + nσ2 ‖W −WD‖2

T
1−δ
2

)
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. . . Assumptions

A1 Local objectives fi are differentiable & L-smooth:

‖∇fi(x)−∇fi(y)‖ ≤ L ‖x− y‖ ∀x,y

A2 Local objectives fi are µ-strongly convex:

〈∇fi(x)−∇fi(y),x− y〉 ≥ µ ‖x− y‖2 ∀x,y

A3 Weight matrix W is non-negative doubly stochastic:

wij ≥ 0 & W = W> & W1 = 1 & null(I −W ) = span(1)

A4 Random quantizer Q(·) is unbiased & variance-bounded:

E [Q(x)|x] = x & E
[
‖Q(x)− x‖2 |x

]
≤ σ2 ∀x

UCSB Presentation - Ramtin Pedarsani UC-Lab Center for Distribution System Cybersecurity March 2019 10 / 16



. . . Assumptions

A1 Local objectives fi are differentiable & L-smooth:

‖∇fi(x)−∇fi(y)‖ ≤ L ‖x− y‖ ∀x,y

A2 Local objectives fi are µ-strongly convex:

〈∇fi(x)−∇fi(y),x− y〉 ≥ µ ‖x− y‖2 ∀x,y

A3 Weight matrix W is non-negative doubly stochastic:

wij ≥ 0 & W = W> & W1 = 1 & null(I −W ) = span(1)

A4 Random quantizer Q(·) is unbiased & variance-bounded:

E [Q(x)|x] = x & E
[
‖Q(x)− x‖2 |x

]
≤ σ2 ∀x

UCSB Presentation - Ramtin Pedarsani UC-Lab Center for Distribution System Cybersecurity March 2019 10 / 16



. . . Assumptions

A1 Local objectives fi are differentiable & L-smooth:

‖∇fi(x)−∇fi(y)‖ ≤ L ‖x− y‖ ∀x,y

A2 Local objectives fi are µ-strongly convex:

〈∇fi(x)−∇fi(y),x− y〉 ≥ µ ‖x− y‖2 ∀x,y

A3 Weight matrix W is non-negative doubly stochastic:

wij ≥ 0 & W = W> & W1 = 1 & null(I −W ) = span(1)

A4 Random quantizer Q(·) is unbiased & variance-bounded:

E [Q(x)|x] = x & E
[
‖Q(x)− x‖2 |x

]
≤ σ2 ∀x

UCSB Presentation - Ramtin Pedarsani UC-Lab Center for Distribution System Cybersecurity March 2019 10 / 16



Proof Sketch I

To solve the main problem:

min
x∈Rp

f(x) =

n∑
i=1

fi(x)

Solve an equivalent:

Penalty function:

x∗α = argmin
x∈Rnp

hα(x)
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To solve the main problem:

min
x∈Rp

f(x) =

n∑
i=1

fi(x)

Solve an equivalent:

By A3:
min

x∈Rnp
F (x) =

n∑
i=1

fi(xi)

s.t. (I−W)1/2x = 0

where W = W ⊗ Ip ∈ Rnp×np

Penalty function:

Define ∀α : hα(x) =
1

2
x>
(
I−W

)
x + αF (x)

x∗α = argmin
x∈Rnp

hα(x)
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Proof Sketch II

O
�

1
T (1��)/2

�
<latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit>

x⇤
<latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit>

xi,T
<latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit>

Thm. 1
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Proof Sketch II

O �
1

T (1��)/2

�
<latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit>

x⇤
<latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit>

xi,T
<latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit>

x⇤
↵

<latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

Thm. 1

Lemma 1

Lemma 2
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Proof Sketch II

x

⇤
<latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit>

xi,T
<latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit>

x⇤
↵

<latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit>

Thm. 1

Lemma 1

Lemma 2

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

O �
1

T (1��)/2

�
<latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit>

Stochastic gradient descent on penalty function hα(xt):
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Proof Sketch II

x

⇤
<latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit>

xi,T
<latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit>

x⇤
↵

<latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit>

Thm. 1

Lemma 1

Lemma 2

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

O �
1

T (1��)/2

�
<latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit>

Stochastic gradient descent on penalty function hα(xt):

proposed update rule: xt+1 = xt − ε
( (

I−WD

)
xt +

(
WD −W

)
zt + α∇F (xt)︸ ︷︷ ︸

∇̃hα(xt) & E[∇̃hα]=∇hα

)
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Proof Sketch II

x

⇤
<latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit>

xi,T
<latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit>

x⇤
↵

<latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit>

Thm. 1

Lemma 1

Lemma 2

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

O �
1

T (1��)/2

�
<latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit>

Stochastic gradient descent on penalty function hα(xt):

proposed update rule: xt+1 = xt − ε
( (

I−WD

)
xt +

(
WD −W

)
zt + α∇F (xt)︸ ︷︷ ︸

∇̃hα(xt) & E[∇̃hα]=∇hα

)

⇒ E
[
‖xT − x∗α‖

2
]
≤ O

(c1nσ2 ‖W −WD‖2

µc2

1

T (1−δ)/2

)
Lemma 1 X
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Proof Sketch II

O �
1

T (1��)/2

�
<latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit>

x⇤
<latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit>

xi,T
<latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit>

x⇤
↵

<latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

Thm. 1

Lemma 1

Lemma 2

Gradient descent on penalty function hα(xt):


ut+1 = ut − 1 · ∇hα(ut)

⇒ ‖uT − x∗α‖2 ≤ e−c2T
(3+δ)/4

‖u0 − x∗α‖2

ut+1 = Wut − α∇F (ut) Y-L-Y’16⇒ ‖uT − x∗‖ ≤ O
(

α
1−β

)

⇒ ‖x∗α − x∗‖2 = ‖x∗α − uT + uT − x∗‖2 ≤ O
(

α2

(1− β)2

)
= O

(
(1− β)−2

T (1−δ)/2

)
Lemma 2 X

UCSB Presentation - Ramtin Pedarsani UC-Lab Center for Distribution System Cybersecurity March 2019 12 / 16



Proof Sketch II

O �
1

T (1��)/2

�
<latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit>

x⇤
<latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit>

xi,T
<latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit>

x⇤
↵

<latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

Thm. 1

Lemma 1

Lemma 2

Gradient descent on penalty function hα(xt):
ut+1 = ut − 1 · ∇hα(ut)

⇒ ‖uT − x∗α‖2 ≤ e−c2T
(3+δ)/4

‖u0 − x∗α‖2

ut+1 = Wut − α∇F (ut) Y-L-Y’16⇒ ‖uT − x∗‖ ≤ O
(

α
1−β

)
⇒ ‖x∗α − x∗‖2 = ‖x∗α − uT + uT − x∗‖2 ≤ O

(
α2

(1− β)2

)
= O

(
(1− β)−2

T (1−δ)/2

)
Lemma 2 X
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Proof Sketch II

O �
1

T (1��)/2

�
<latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit>

x⇤
<latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit>

xi,T
<latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit>

x⇤
↵

<latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

Thm. 1

Lemma 1

Lemma 2

Gradient descent on penalty function hα(xt):
ut+1 = ut − 1 · ∇hα(ut)⇒ ‖uT − x∗α‖2 ≤ e−c2T

(3+δ)/4

‖u0 − x∗α‖2

ut+1 = Wut − α∇F (ut) Y-L-Y’16⇒ ‖uT − x∗‖ ≤ O
(

α
1−β

)
⇒ ‖x∗α − x∗‖2 = ‖x∗α − uT + uT − x∗‖2 ≤ O

(
α2

(1− β)2

)
= O

(
(1− β)−2

T (1−δ)/2

)
Lemma 2 X
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Proof Sketch II

O �
1

T (1��)/2

�
<latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit>

x⇤
<latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit>

xi,T
<latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit>

x⇤
↵

<latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

Thm. 1

Lemma 1

Lemma 2

Gradient descent on penalty function hα(xt):
ut+1 = ut − 1 · ∇hα(ut)⇒ ‖uT − x∗α‖2 ≤ e−c2T

(3+δ)/4

‖u0 − x∗α‖2

ut+1 = Wut − α∇F (ut)

Y-L-Y’16⇒ ‖uT − x∗‖ ≤ O
(

α
1−β

)
⇒ ‖x∗α − x∗‖2 = ‖x∗α − uT + uT − x∗‖2 ≤ O

(
α2

(1− β)2

)
= O

(
(1− β)−2

T (1−δ)/2

)
Lemma 2 X

UCSB Presentation - Ramtin Pedarsani UC-Lab Center for Distribution System Cybersecurity March 2019 12 / 16



Proof Sketch II

O �
1

T (1��)/2

�
<latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit>

x⇤
<latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit>

xi,T
<latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit>

x⇤
↵

<latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>

Thm. 1

Lemma 1

Lemma 2

Gradient descent on penalty function hα(xt):
ut+1 = ut − 1 · ∇hα(ut)⇒ ‖uT − x∗α‖2 ≤ e−c2T

(3+δ)/4

‖u0 − x∗α‖2

ut+1 = Wut − α∇F (ut) Y-L-Y’16⇒ ‖uT − x∗‖ ≤ O
(

α
1−β

)

⇒ ‖x∗α − x∗‖2 = ‖x∗α − uT + uT − x∗‖2 ≤ O
(

α2

(1− β)2

)
= O

(
(1− β)−2

T (1−δ)/2

)
Lemma 2 X
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Proof Sketch II

O �
1

T (1��)/2

�
<latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit><latexit sha1_base64="EqDI9nv5x0UiroudSPCiTgkYi4E="></latexit>

x⇤
<latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit><latexit sha1_base64="D+Y9QamPC/EQRHKKGuQOMOr2MiA=">AAAB+XicbVC7TsMwFL3hWcorwMhi0SIhhirpAmMFC2OR6ENqQ+W4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmTp6Jx7dY+PH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7mvZDrMd+kD5l2eNldWBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxTqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo1975eadwUdZTgFM7gAly4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHyHlk08=</latexit>

xi,T
<latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit><latexit sha1_base64="KVI2Kpvui7Q/vBsl9f7HsJqZ5Mg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDLaCCylJN7osunFZoS9oQ5hMJ+3QyYOZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6Wt7Z3dvfJ+5eDw6PjEPK32ZJQIQrsk4pEYeFhSzkLaVUxxOogFxYHHad+b3ed+/4kKyaKwoxYxdQI8CZnPCFZacs1qfRRgNfX8dJ65KbvuZHXXrFkNawm0SeyC1KBA2zW/RuOIJAENFeFYyqFtxcpJsVCMcJpVRomkMSYzPKFDTUMcUOmky+wZutTKGPmR0C9UaKn+3khxIOUi8PRkHlSue7n4nzdMlH/rpCyME0VDsjrkJxypCOVFoDETlCi+0AQTwXRWRKZYYKJ0XRVdgr3+5U3SazZsq2E/Nmutu6KOMpzDBVyBDTfQggdoQxcIzOEZXuHNyIwX4934WI2WjGLnDP7A+PwBmxGUIw==</latexit>

x⇤
↵

<latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit><latexit sha1_base64="ciGIJRqodDRQevU93FT7ASpc1YE=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJIBZhNg+SMmhjGcEkQnYNs5PZZMjsg5lZMSzb+Cs2ForY+hl2/o2zSQQVPXDhcM693HuPG3EmFUIfRm5peWV1Lb9e2Njc2t4xd/e6MowFoR0S8lBcu1hSzgLaUUxxeh0Jin2X0547Oc/83i0VkoXBlZpG1PHxKGAeI1hpaWAelGwfq7HrJXfpILExj8Y4vTktDcwiKiNUaTYQROV6HdWsKsyUWq1ehZYmGYpggfbAfLeHIYl9GijCsZR9C0XKSbBQjHCaFuxY0giTCR7RvqYB9ql0ktkDKTzWyhB6odAVKDhTv08k2Jdy6ru6M7tW/vYy8S+vHyuv6SQsiGJFAzJf5MUcqhBmacAhE5QoPtUEE8H0rZCMscBE6cwKOoSvT+H/pFspW6hsXVaKrbNFHHlwCI7ACbBAA7TABWiDDiAgBQ/gCTwb98aj8WK8zltzxmJmH/yA8fYJ0QOWiQ==</latexit>

O
�

1
T (1��)/2

�
<latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit><latexit sha1_base64="XQ33Tnl4ig9h8aZELnBRVKgNXnI="></latexit>
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Thm. 1

Lemma 1

Lemma 2

Gradient descent on penalty function hα(xt):
ut+1 = ut − 1 · ∇hα(ut)⇒ ‖uT − x∗α‖2 ≤ e−c2T

(3+δ)/4

‖u0 − x∗α‖2

ut+1 = Wut − α∇F (ut) Y-L-Y’16⇒ ‖uT − x∗‖ ≤ O
(

α
1−β

)
⇒ ‖x∗α − x∗‖2 = ‖x∗α − uT + uT − x∗‖2 ≤ O

(
α2

(1− β)2

)
= O

(
(1− β)−2

T (1−δ)/2

)
Lemma 2 X
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More quantizers

A4 E [Q(x)|x] = x & E
[
‖Q(x)− x‖2 |x

]
≤ σ2 for all x

A4’ E [Q(x)|x] = x & E
[
‖Q(x)− x‖2 |x

]
≤ η2 ‖x‖2 for all x

Theorem

Under A1,2,3,4’, the same rate is achieved.

Example: Low-precision Q.

QLP
i (x) = ‖x‖ · sign(xi) · ξi(x) & ξi(x) is a Bernoulli r.v. with parameter

|xi|
‖x‖

x =


+
−
−
...
+


QLP

−−→


‖x‖
0

−‖x‖
...
0



[1-bit SGD, Seide et al., 14], [QSGD, Alistarh, et al.,’17]
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Numerical results: synthetic data

Decentralized quadratic: minx∈Rp f(x) =
∑n
i=1

1
2
x>Aix + b>i x, p = 20

Network: Erdős-Rényi graph, n = 50 nodes, connectivity prob. pc = 0.35

Weight matrix: W = I − 2
3λmax(L)

L where L is the Laplacian

T
50 200 800 3200 12800

E
[|
|x

T
−
x
∗
||
2
]/
||
x
0
−
x
∗
||
2
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100

O
(

1
T δ

)

σ
2 = 200

σ
2 = 20

σ
2 = 2

varying Q. noise
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||
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pc = 0.35
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complete graph

varying graph
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Numerical results: total communication cost

Decentralized least squared: minx∈Rp f(x) =
∑n
i=1

1
2
‖Aix− bi‖2

Normal data-set p = 200, Erdős-Rényi n = 50, pc = 0.35, b = 64

Quantizer: Low-precision Q.: QLP
i (x) = ‖x‖ · sign(xi) · ξi(x, s), s = 1, 2, · · ·

UCSB Presentation - Ramtin Pedarsani UC-Lab Center for Distribution System Cybersecurity March 2019 15 / 16



Numerical results: total communication cost

Decentralized least squared: minx∈Rp f(x) =
∑n
i=1

1
2
‖Aix− bi‖2
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Conclusion

We considered the attack that the adversary reduces communication bandwidth on
the links, and proposed an exact decentralized gradient decent algorithm for
quantized communications.

Many interesting directions to continue:

Numerical study for IEEE 39-bus power network is ongoing.

best quantizer?

adversarial nodes?

link failures?

most resilient network topology?
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